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Abstract
We investigate the turbulence effect in dark fluid universe with linear inhomogeneous equation of
state. Attention is attached to two physical situations. First, we perform the perturbative analysis of
turbulence and check its effects around the Big Rip. Later, treating the turbulence energy density as
a part of total dark fluid, we study the stability of the system. The result shows that the stability is
achieving as the energy density of turbulence decreases, changing into heat (the radiation), in perfect
agreement with the avoidance of the Big Rip.
Pacs numbers: 98.80.-k,04.50.+h,11.10.Wx
1 Introduction
There is a lot of interest in the study of the nature of dark energy, responsible for the acceleration
of the cosmic expansion [1, 4], and which is expected to have strange properties, like negative pressure
and violates the strong energy condition. The current acceleration of the universe is realized when the
parameter of equation of state (EoS) ω, is such that ω < −1/3. More precisely, −1 < ω < −1/3
corresponds to quintessence region where the expansion of the universe is accelerated, a¨, but not super-
accelerated H˙ > 0. When ω < −1, the universe is in a phantom region, which usually ends by finite-time
future singularities [5]-[23].
Recently Brevik et al analyse the possibility of whether there can be a turbulence micro-structure
superimposed on the dark fluid [24]. In such situation, in order to maintain the macroscopic isotropic,
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attention is attached to the isotropic version of turbulence. An important aspect of this issue is that
turbulence implies a loss of kinetic energy, changing it into heat. At macroscopic level, this turbulence
is often treated as bulk viscosity. So, at microscopic level, within turbulence consideration, the length
scale associated with the macroscopic viscosity may be replaced by the Kolmogorov microlength scale,
conventionally denoted by η [24]. In that paper, authors assumed homogeneous equation of state and
studied the influence of the turbulence on the evolution of the universe, mainly, in it dark sector.
In this paper, the goal remains the same, of studying the effects of the turbulence, but assuming
inhomogeneous equation of state. We assume the EoS p = ω(t)ρ + Λ(t) in which ω(t) and Λ(t) depend
linearly on time. We also consider in this paper an oscillating ω(t). This particular king of EoS is one
alternative amongst a variety of possibilities, proposed to cope with the general dark energy problem
[25, 26], and developed for various purposes in [27]-[37].
Following the same steps of [24] we include the turbulence effect by adding a constant fraction, denoted
f , to the laminar ordinary energy density in the first equation of FRW. Then, we perform a perturbative
analysis to the first order, assuming f to be a small quantity and the correction term to ω(t) and Λ(t)
have been found. Other interesting feature of considering this inhomogeneous EoS is that it generalizes
the Brevik’s results [24], at least, when FRW equations with the fraction f of the energy as turbulence
energy are assumed.
Moreover, instead of only considering the above perturbative treatment, we also consider the total
dark energy contribution as a laminar part plus a turbulence energy part. Then, we study the stability
of the system. The existence of an attractor critical point is investigated which should correspond to
the stability of the system. Within the assumption that the dynamics of the system essentially depends
on the evolution of the turbulence and the radiation, we find that stability corresponds to a decreasing
turbulence energy density and an increasing radiation energy density.
The paper is organized as follows: in section 2, we present the Kolmogorov’s isotropic turbulence
within inhomogeneous EoS. Section 3 is devoted to the study of turbulence effects as a fraction of the
energy in the FRW equations, and this, for various assumptions of parameters ω(t) and Λ(t). We inves-
tigate the stability of the system in the section 4 where turbulence is assumed as an additive component
to the total dark fluid. We present the conclusion in section 5.
2 Kolmogorov’s isotropic turbulence within inhomogeneous equa-
tion of state
A most effect of the turbulence is the loss of kinetic energy into heat. As it is shown in [24, 38, 40], the
macroscopic bulk viscosity may be substituted by the microscopic shear, from which the kolmogorov is
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directly proportional to ν3/4 and inversely proportional to ǫ1/4 where ν means the kinematic microscopic
shear viscosity and ǫ the dissipation per unit of mass. By considering l the external scale of the turbulence,
whereby 1/l denotes the corresponding wave number and assuming that the large eddies move with a
little dissipation of energy. According to the second hypothesis of Kolmogorov, in an isotropic region
the motion is entirely by the friction and inertia [24, 38]. Therefore, there is a continuous flux of energy
transferred by the dissipation ǫ. By denoting the size of an eddy by λ and k = 1/λ the corresponding
wave number. The equilibrium range for the wave number for which all the flow is lost is k ≫ 1/l.
Let uλ characterizes the typical velocity of an eddy of size λ. Thus, the internal Reynolds number
gets the form Reλ ∼ λuλ/ν. For increasing values of k, Reλ decreases. When Reλ ∼ 1, dissipation
becomes important, corresponding to the condition which implies the Kolmogorov length. For large
values of Reynolds number the quantities 1/l and 1/η are completely separated and there exists an
inertial subrange characterized by 1l ≪ k ≪ 1η , where the fluid behaves like a non-viscous fluid [24].
In the inertial subrange the formula of the spectral energy density is E(k) = αǫ2/3 k−5/3 with α ≈ 1.5
being the Kolmogorov constant. The total energy density can be calculated by integrating over all wave
numbers [39].
In this paper, we just focus our attention to the empirical decay law of the isotropic turbulence. Based
on grid experiments in wind and water tunnels, the mean kinetic energy 12u
2(t) decays as u2(t) ∝ t−6/5
[41, 42], as well as the theoretical treatment in [39].
Let us consider now the classical equation of motion for a viscous fluid ∂t(ρmui) + ∂kΠik = 0 where
ρm is the mass density and Πik the momentum flux density tensor Πik = pδik + ρmuiuk−µ(∂kui+ ∂iuk)
where µ is the shear viscosity [40]. Making use of the mean of this equation, and notifying that u¯i = 0
in homogeneous and isotropic turbulence, we get
Π¯xx = Π¯yy = Π¯zz ≡ peff = p+ 2
3
ρturb, p = ω(t)ρ+ Λ(t) , (1)
where Λ(t) is the variable cosmological constant, ω(t) a variable parameter of equation of state, and peff
is the effective pressure which takes into account that the thermodynamical pressure is augmented by a
term (2/3)ρturb associated with the turbulent energy density ρturb =
1
2ρmuiui ≡ 12ρmu2, meaning that
ρturb designates a mean quantity.
3 FRW equations using a fraction f of the energy as turbulent
energy
Let us now consider this fluid in a cosmological setting. As usual in turbulence theory we may
start by decomposing the fluid velocity ui into a mean component Ui and a fluctuating component u
′
i,
ui = Ui+ u
′
i. On the other hand, in a comoving reference frame Ui = 0, so that we can simply replace u
′
i
3
with ui. Requiring only the turbulence part of the cosmic fluid, far from the non-viscous (non-turbulence)
part, one can from now adopt the notation for which the non-viscous terms are subscripted by zero. Thus
Eq. (1) is rewritten as
peff = p0 +
2
3
ρturb. (2)
The turbulence energy in the comoving frame can be view as a nonrelativistic quantity, and the total
energy density can be written as
ρ = ρ0 +
2
3
ρturb . (3)
Let us look for the cosmological equations when a constant fraction f of the energy exists in form of
turbulence energy, and assume that the energy at initial time tin can be written as
ρ(tin) = ρ0 (1 + f) . (4)
From this, we see that f can be interpreted as the ratio between the turbulence energy and the total
energy at tin,
f =
ρturb
ρ0
|t=tin . (5)
Since the rest mass is completely incorporated in the total energy, the condition f << 1 is required [24].
Therefore, for t > tin it is necessary ρturb decaying with time as ρturb ∝ t−6/5, according to the time
evolution of the ordinary turbulence [24]. Thus, for t ≥ tin the energy density can be written in the
following form
ρ(t) = ρ0(t) [1 + fρ1(t)] , ρ1(t) =
(
tin
t
)6/5
. (6)
The choice of ρ1(t) seems quick suitable since for t = tin, the relation (4) is recovered.
Let us now write the equation of state for the cosmic fluid as
p0(t) = ω0(t)ρ0(t) + Λ0(t) . (7)
In the same way as (4), one can write the effective pressure as
peff (t) = ω(t)ρ(t) + Λ(t), ω(t) = ω0(t) [1 + fω1(t)] , Λ(t) = Λ0(t) [1 + fΛ1(t)] . (8)
Through the condition f << 1, one can rewrite the effective pressure as
peff (t) = p0(t) +
{
ω0(t)ρ0(t) [ω1(t) + ρ1(t)] + Λ0(t)Λ1(t)
}
f . (9)
Analogously, the scale factor and the Hubble parameter can be expanded as
a(t) = a0(t) [1 + fa1(t)] , (10)
H(t) = H0(t) [1 + fH1(t)] . (11)
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The correction terms ω1(t), Λ1(t), a1(t) and H1(t) are all for zero order in f . Using (11) and deriving
(10) one time with respect to t, one gets
a˙1(t) = H0(t)H1(t) . (12)
From the first equation of Friedmann, 3H2 = ρ, where we set κ = 8πG = 1, G being the Newtonian
gravitational constant, one gets
H1(t) =
1
2
ρ1(t) . (13)
Hence, the Hubble parameter reads
H(t) = H0(t)
[
1 +
1
2
f
(
tin
t
)6/5]
. (14)
Now, we also have to determine H0(t), and in order to do this, we need to use the equation of continuity
related to the non-viscous components as
ρ˙0 + 3H0 (ρ0 + p0) = 0 . (15)
Let us now consider for simplicity the case where both ω0 and Λ0(t) are linear time dependent, i.e.,
ω0(t) = αt+ β and Λ0(t) = γt+ λ. Therefore, the equation (15) becomes
2H˙0 + 3H
2
0 (1 + β + αt) + γt+ λ = 0 , (16)
whose general solution reads
H0(t) =
AH0(tin)
B
[
eC(t+D)2erf(t)− eC(tin+D)2erf(tin)
]
+A
, (17)
where the input constant are defined as
C =
√
3
4
γ, D =
λ
γ
, A =
C
α
√
3
, B =
1
4
√
2π
√
3
C
[
αC
1 + β
− λ
]
.
Therefore, the Hubble parameter (14) becomes
H(t) =
AH0(tin)
B
[
eC(t+D)2erf(t)− eC(tin+D)2erf(tin)
]
+A
[
1 +
1
2
f
(
tin
t
)6/5]
. (18)
An example illustrating the evolution of the Hubble parameter for some suitable values of the input
parameters is presented in the Fig.1 at the upper-left side. On can see that the Hubble parameter is
initially high and as the time evolves it goes to zero. This may correspond to an asymptomatically flat
universe. The associated energy density reads
ρ(t) =
3A2H20 (tin){
B
[
eC(t+D)2erf(t)− eC(tin+D)2erf(tin)
]
+A
}2
[
1 + f
(
tin
t
)6/5]
. (19)
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Observe that in general, for small tin/t (or t >> tin), the influence from the turbulence fades away for
both the Hubble parameter and the energy density.
Let us now analyse some special cases where cosmological feature may be obtained.
3.1 Analysing ω0 as linear function of time and Λ0 a constant
In this case, we have ω0(t) = αt + β and Λ0 = λ, meaning that γ = 0. Then, by solving (16), the
Hubble parameter and the energy density are found as
H(t) =
√
λH0(tin)Z¯(t)√
9αH20 (tin)(t− tin) + λZ¯2(tin)
[
1 +
1
2
f
(
tin
t
)6/5]
, (20)
ρ(t) =
3λH20 (tin)Z¯
2(t)
9αH20 (tin)(t− tin) + λZ¯2(tin)
[
1 + f
(
tin
t
)6/5]
, (21)
Z¯(t) =
Z
−
1
3
[
1
α
√
λ
3 (αt+ β + 1)
3
2
]
Z 2
3
[
1
α
√
λ
3 (αt+ β + 1)
3
2
] ,
where Zν = C1Jν+C2Yν is the general solution of Bessel’s differential equation, C1 and C2 being arbitrary
constants. One can observe that for t = −(β + 1)/α both the Hubble parameter and the energy density
diverge simultaneously, corresponding to the singularity of type-I (the Big Rip).
• Linear ω0(t) and vanishing cosmological constant
In this situation the cosmological constant is null, Λ0 = 0, whilst ω0(t) = αt + β. Thus, by solving
(16), one gets the Hubble parameter and the energy density
H(t) =
H0(tin)
H0(tin) (t− tin)
[
3
2 (1 + β) +
3α
4 (t+ tin)
]
+ 1
[
1 +
1
2
f
(
tin
t
)6/5]
, (22)
ρ(t) = 3
H20 (tin){
H0(tin) (t− tin)
[
3
2 (1 + β) +
3α
4 (t+ tin)
]
+ 1
}2
[
1 + f
(
tin
t
)6/5]
. (23)
These results generalize the ones found in [24], which are recovered for α = 0. The evolution the
Hubble parameter is illustrated at the upper-right side of the Fig.1 for some suitable values of the input
parameters. One can see that as the time evolves, the Hubble parameter decreases and goes toward zero,
showing that the universe under consideration is asymptotically flat.
As in the vanishing turbulence case, finite time future singularity occurs at ts such that
αt2s + 2 (1 + β) ts − 2 (1 + β) tin − αt2in +
4
3H0(tin)
= 0 . (24)
For α 6= 0, one gets
ts = −1 + β
α
±
√(
tin +
1 + β
α
)2
− 4
3αH0(tin)
. (25)
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Observe that, for α = 0, the singularity time reads6
ts = tin +
2
3|1 + β|H0(tin) . (26)
This later is exactly the result found for the singularity time in [24], where they used γ at the place of
1 + β and ω0(constant) at the place of β. Consequently all the results found in that paper should also
be found here. Since the goal of this paper is to search for more general cases, let us reconsider the case
where ω0(t) is linear time dependent and the cosmological constant vanishes. One can now search for the
correction term a1 which is such that a˙1 = H0ρ1/2. One gets
a1(t) = − 1
2
√
B2 − 4AC
(
2tin
t
)6/5{
f
6/5
1 (t) 2F1
(
6
5
,
6
5
,
11
5
, g1(t)
)
− f6/52 (t) 2F1
(
6
5
,
6
5
,
11
5
, g2(t)
)}
, (27)
where the functions fi(t), and gi(t) are defined by
f1(t) =
At
B −√B2 − 4AC + 2At , f2(t) =
At
B +
√
B2 − 4AC + 2At ,
g1(t) =
B −√B2 − 4AC
B −√B2 − 4AC + 2At , g2(t) =
B +
√
B2 − 4AC
B +
√
B2 − 4AC + 2At , (28)
A =
3α
4
, B =
3
2
(1 + β) , C =
1
H0(tin)
− 3
4
αt2in −
3
2
(1 + β) tin ,
whilst the scale factor a0(t) in the vanishing turbulence case reads
a0(t) =
2√
4AC −B2 arctan
(
B + 2At√
4AC −B2
)
. (29)
Since we are leading with the case where the cosmological constant vanishes, the correction term Λ1 is
also null, (Λ1(t) = 0). We can now proceed to the calculation of the correction term ω1(t). To this end,
let us make use of the second generalized equation of Friedmann
− 3H2(t)− 2H˙(t) = peff . (30)
The left hand side of (30) can be calculated from (11), and comparing the result with the right hand side
of (9), one gets
ω1(t) = −ρ1(t)− 1
ω0(t)ρ0(t)
{[
H˙0(t) + 3H
2
0 (t)
]
ρ1(t) +H0(t)ρ˙1(t)
}
,
=
(16A− 15α)t2 + (B − 15− 15β)t+ 6C
15t(αt+ β)
(
tin
t
)6/5
. (31)
Therefore, with an inhomogeneous equation of state of the form (8), with vanishing cosmological constant,
the correction term ω1(t) associated to ω0(t) is given by (31). Observe that at singularity time, ts > tin,
this correction term becomes inefficient such that the turbulence effect in ω(t) falls down and this latter
reduces to ω0(t).
6This value has to be directly used in equation (24)
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3.2 Analysing Λ0 as linear function of time and ω0 a constant
In this case we consider α = 0 such that ω0 = β and Λ0(t) = γt+ λ. Thereby, the general solution of
(16) becomes
H(ξ) = H0(ξin)
Y (ξ)
Y (ξin)
[
1 +
1
2
f
(
4ξin − 3λ
4ξ − 3λ
)6/5 ]
, (32)
Y (ξ) =
2
(
3ξ3 − 2√σξ)
3ξ3 − 2ξ√σξ + σ , ξ =
3
4
(γt+ λ) σ =
4
3γ
.
Here, it is important to note that this solution makes sense only if β 6= −1, otherwise, we fall in the case
where the Hubble parameter is a polynomial function of the cosmic time. But we will see this later. An
numerical example illustrative of the evolution of the Hubble parameter is presented at the lower-left side
in the Fig.1. We see from this that the Hubble parameter initially increases and decreases at the late
times. This situation may be view as an initially accelerated universe, which later enters in a decelerated
phase.
Further more we note that in this case of constant ω0 and linear Λ0, the energy density reads
ρ(ξ) = 3H20 (ξin)
Y 2(ξ)
Y 2(ξin)
[
1 + f
(
4ξin − 3λ
4ξ − 3λ
)6/5 ]
. (33)
Since the parameter β is non-null, one can easily observe that both energy density and Hubble parameter
diverge only for complex value of ξ, consequently, for complex value of the cosmic time. Therefore, one
can conclude that this case is interesting since the big rip cannot appear for finite real time. Note also that
since the ω0 is constant, its correction term ω1 vanishes. Thus, one has now to search for the correction
term Λ1(t) corresponding to Λ0(t). As we have performed in the previous case, now looking for Λ1(t),
one gets
Λ1(t) = − 1
Λ0(t)
{
ω0(t)ρ0(t)ρ1(t) + 6H
2
0 (t)H1(t) + H˙0(t)H1(t) +H0(t)H˙1(t)
}
, (34)
which, in terms of ξ, yields
Λ1 = −6H0(ξin)
4ξY (ξin)
{
3
H0(ξin)
Y (ξin)
Y 2(ξ) +
γ
8
Y ′(ξ) − 3γ
5(4ξ − 3λ)Y (ξ)
}(
4ξin − 3λ
4ξ − 3λ
)6/5
, (35)
Y ′(ξ) =
4
√
σξ
(−9ξ3 + 3ξ2 + 9ξ + σ +√σ)− 6σξ (ξ2 − 3ξ + 2)− σ√σ/ξ(
3ξ3 − 2ξ√σξ + σ)2 .
Note that the sub-case where the parameter ω0 vanishes whilst Λ0(t) is still linear function of time can
be easily found from this later by setting β = 0. Is important to recall that the results are physically
the same, because this is just a consequence of rescaling the parameter of Hubble by a multiplicative
constant (leaving β + 1 to 1) in the equation (16). Other interesting case to be mentioned is that in
which both parameters ω0 and Λ are constants. In this case, one has α = γ = 0, ω0 = β and Λ0 = λ.
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Expressions of the Hubble parameter and the energy density may be obtained by making use of the above
assumptions in (32)-(33). In this subsection, one can conclude that for a constant ω0 and linear time
dependent cosmological constant, future singularity can never occur, at least for real cosmic time.
3.3 Treating ω0 as an oscillating function, with a vanishing cosmological con-
stant
Here, instead of using ω0(t) as linear function of time, we assume that it is an oscillating function of
time. Let us consider ω0(t) = −1+ l0 cos(b t). By making use of this later and vanishing the cosmological
constant, one gets from the equation (16)
H0(t) =
2b
3 (l1 + l0 sin(b t))
, (36)
and the Hubble parameter within turbulence reads
H(t) =
bH0(tin)
b+ 3l0H0(tin) cos [b(t+ tin)/2] sin [b(t− tin)/2]
[
1 +
1
2
f
(
tin
t
)6/5]
, (37)
where l1 is an integration constant. We present an numerical illustrative evolution of the Hubble pa-
rameter at the lower-right side of Fig.1. As expected, this figure shows and oscillating evolution of the
Hubble parameter, corresponding to an alternative universe, i.e., an universe always transiting from a
decelerated phase to an accelerated phase and vice-versa. The associated energy density reads
ρ(t) =
3b2H20 (tin){
b+ 3l0H0(tin) cos [b(t+ tin)/2] sin [b(t− tin)/2]
}2
[
1 + f
(
tin
t
)6/5]
. (38)
It is also obvious here that for t >> tin, the turbulence effect fades away both for the Hubble parameter
and the energy density. In order to analyse very clearly the occurrence of finite time singularity, let
us reconsider the expression (36). Note that if |l1| < l0, the denominator can be zero, which implies a
cosmological singularity. However, if |l1| > l0, singularity cannot occur. It appears that both BiG Rip
and Little Rip may appear in dark energy within turbulence consideration. This kind of results has been
found recently by Brevik et al [43] but not within oscillating inhomogeneous EoS.
The correction term ω1(t) corresponding to ω0(t), can be found in the same way as the previous cases
by
ω1(t) = − 2
ω0(t)ρ0(t)
[
3H20 (t)H1(t) + H˙0(t)H1(t) +H0(t)H˙1(t)
]
− ρ1(t)
=
{
1
1− l0 cos(bt)
[
1− 2
5t
− l0
2
cos(btin)
]
− 1
}(
tin
t
)6/5
, (39)
which fades away for t >> tin.
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4 Turbulence as additive dark energy and stability analysis
In this section, instead of using the perturbative approach, we assume the total dark energy density
ρtd as the sum of the usual dark energy ρd and the turbulence energy ρturb
ρtd = ρd + ρturb , (40)
and the first equation of Friedmann is written as
3H2 = ρd + ρturb + ρrad , (41)
where ρrad characterises the energy density of the radiation. Treating the turbulence, the dark energy
and the radiation as three component fluid of the universe, the corresponding continuity equations read
ρ˙d + 3H (ρd + pd) = Q1 , (42)
ρ˙rad + 3H (ρrad + prad) = Q2 , (43)
ρ˙turb + 3H (ρturb + pturb) = Q3 , (44)
such that Q1 +Q2 +Q3 = 0. We also define dimensionless density parameters as
x ≡ ρd
3H2
, y ≡ ρrad
3H2
, z ≡ ρturb
3H2
. (45)
The continuity equations in dimensionless variables reduce to

dx
dN = 3x [x (1 + ωd) + y (1 + ωrad) + z (1 + ωturb)]− 3x (1 + ωd) + Q13H3 ,
dy
dN = 3y [x (1 + ωd) + y (1 + ωrad) + z (1 + ωturb)]− 3y (1 + ωrad) + Q23H3 ,
dz
dN = 3z [x (1 + ωd) + y (1 + ωrad) + z (1 + ωturb)]− 3z (1 + ωturb) + Q33H3 ,
(46)
where N ≡ ln a is the so-called e-folding parameter. In general the interaction terms Qi, i = 1, 2, 3, are
functions of the Hubble parameter energy density ρj . One obtains the critical points by equating the
equations in (46) to zero. Next, we will perturb the equations up to first order around the critical points
and analyse their stability. Only the stable critical point will be taken into account, i.e, the critical points
for which all the eigenvalues of Jacobian matrix are negative. These points are interpreted as attractor
solutions of the dynamical system.
In this paper we will be restricted to pure physical situation. Because of the turbulence, the kinetic
energy changes into heat and the heat then becomes radiation. Therefore, the interaction essential occurs
between the turbulence and the radiation. Consequently, we may set the interaction term Q1 to zero. As
well known, we can make use of the value of EoS of radiation (ωrad = 1/3). Since the total content of the
universe has to conserve, one gets Q2 = −Q3 = Q. In such a situation, since dark energy is assumed to
not interact with the radiation, or the turbulence, one can consider its related parameter of equation of
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motion ωd as constant and more precisely about −1. Therefore, the dynamics of the system essentially
depends on the turbulence and the radiation. Hence, the system (46) reduces to

dy
dN = −4y + Q3H3 ,
dz
dN = −3z (1 + ωturb)− Q3H3
(47)
We assume the interaction Q between the turbulence and the radiation as a quantity proportional to
ρradρturb/H , i.e, Q = qρradρturb/3H , where q is a real parameter. Thus, the system (47) becomes

dy
dN = −4y + qyz ,
dz
dN = −3z (1 + ωturb)− qyz .
(48)
As inhomogeneous equation of state, we assume ωturb = k1H
−2ρturb/3 + k2, i.e, ωturb = k1z + k2, where
k1 and k2 are two negative real constants. This choice of the sign of k1 and k2 is purely cosmological
since as the turbulence contributes as a type of dark fluid, its pressure has to be negative in order
to insure the acceleration of the universe and a necessary condition for this is assuming k1 and k2 as
negative constants. The system presents two realistic critical points: a)(yc, zc) = [0,−(1 + k2)/k1] and b)[−3(q + qk2 + 4k1)/q2, 4/q]. The first critical point correspond to the situation where the kinetic energy
of the turbulence is still conserved, i.e, there is any change of the kinetic energy into heat. However, the
second critical point is related to the situation where there is a real dynamics of the system. In this case,
part of kinetic energy is lost, yielding radiation. We will focus our attention to this second critical point
and analyse the stability of the system about it. To this end, we will consider small perturbations around
this critical point and write any point (y, z) of the system as (y + δy, z + δz). Thereby, the dynamical
system becomes 

dδy
dN = −3
(
1 + k2 + 4
k1
q
)
δz ,
dδz
dN = −4δy − 12k1q δz
(49)
By denoting M the matrix associated to the above system, one can find the eigenvalues by solving the
equation det
(
M− λ˜I
)
= 0. The solutions of this equations read
λ˜1,2 = −6k1
q
±
√
36k21
q2
+ 12
(
1 + k2 +
4k1
q
)
. (50)
It can easily been seen that the sign of the eigenvalues strongly depend on that of the interaction parameter
q. One can observe two general cases: q < 0 and q > 0. For q < 0 and k2 < −1 − 4k1/q, one gets
−6k1/q < 0 and both λ˜1 and λ˜2 are negative. In this case, the critical point is an attractor and the
system may be stable. Still for q < 0, if −1− 4k1/q < k2 < 0, λ˜1 > 0 and λ˜2 < 0 and the critical point is
called saddle point and the system cannot be stable. For q > 0, −6k1/q > 0, always one gets λ˜1λ˜2 < 0,
or λ˜1 > 0 and λ˜2 > 0. In such situations, the system cannot be stable.
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We clearly see that the stability of the system is realized only when k1/q > 0 and k2 < −1−4k1/q. By
the use of these conditions, we from (49) that as the universe expands, i.e, for increasing N (increasing
scale factor), the perturbation of the turbulence and radiation energy densities decreases.
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Figure 1: These figures show the evolution of the Hubble parameter for various assumptions assumed in the manuscript
and also for some appropriate values of the input parameters. The blue (upper left) corresponds to the case where both the
parameter of EoS and the cosmological constant are time linear dependent (Eq. (18)). The red (upper right) corresponds to
the case of time linear dependent EoS and vanishing cosmological constant (Eq. (22)). The magenta (lower left) characterizes
the evolution of the Hubble parameter for linear cosmological constant and constant EoS while the green (lower right) one
corresponds to the case oscillating case governed by the parameter of EoS and a vanishing cosmological constant.
5 Conclusion
In this paper, we investigate the effects of turbulence in dark fluid universe at late accelerated ex-
panding universe. We focussed our attention to the model of linear inhomogeneous EoS, with linear and
oscillating dependence on time. We included turbulence effect by the addition of a constant fraction to
the laminar ordinary energy density. We then performed a perturbative analyse checking the possible
appearance of future singularity. The obtained results generalize that of Brevik et al [24]. Moreover, for
each considered expression for the parameters ω(t) and Λ(t), we determined their respective correction
13
terms.
In the second step, instead of considering the perturbative approach, we considered the dark energy
contribution as a sum of a laminar part of dark energy and the turbulence part. Then, we study the
stability of the system, considering that the dynamics of the system essentially depends on the turbulence
and radiation energy densities. The results shows that the stability of the system is obtained when the
turbulence energy density decreases as the universe expands, while radiation energy density of radiation
grows. Therefore, when turbulence contribution is taking into account in the total dark fluid, according
to the statement that kinetic energy changes into heat, the stability is always realized. Hence, precisely
in phantom region, due to this probable stability, one may conclude that turbulence may avoid future
finite time singularities, and this when all the input parameters q, k1 and k2 are negative and satisfy the
relations k1/q > 0 and k2 < −1− 4k1/q.
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